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The patterns of fringes produced by an interferometer have long been important testbeds for
our best contemporary theories of physics. Historically, interference has been used to contrast
quantum mechanics to classical physics, but recently experiments have been performed that test
quantum theory against even more exotic alternatives. A physically motivated family of theories
are those where the state space of a two-level system is given by a sphere of arbitrary dimension.
This includes classical bits, and real, complex and quaternionic quantum theory. In this paper, we
consider relativity of simultaneity (that observers may disagree about the order of events at different
locations) as applied to a two-armed interferometer, and show that this forbids most interference
phenomena more complicated than those of complex quantum theory. If interference must depend
on some relational property of the setting (such as path difference), then relativity of simultaneity
will limit state spaces to standard complex quantum theory, or a subspace thereof. If this relational
assumption is relaxed, we find one additional theory compatible with relativity of simultaneity:
quaternionic quantum theory. Our results have consequences for current laboratory interference
experiments: they have to be designed carefully to avoid rendering beyond-quantum effects invisible
by relativity of simultaneity.
I. INTRODUCTION
Questions of locality have historically been used to
probe the validity of quantum mechanics. A famous ex-
ample is given by the EPR paradox, the subsequent dis-
cussions and experimental tests of which contrast the pre-
dictions of quantum theory against classical theory [1–8].
A relatively new development is to test quantum theory
against even more general conceivable non-classical the-
ories (e.g. [9–16]).
Popescu and Rohrlich have asked whether quantum
mechanics has the maximal amount of nonlocality, given
its peaceful coexistence with special relativity [17] (see
also [18, 19]), and showed that, surprisingly, the answer is
negative: there are conceivable correlations (now known
as PR-boxes) that violate the Bell-CHSH inequality by
more than any quantum state, while still not allowing for
superluminal information transfer (a property known as
no-signalling). This discovery has triggered a whole new
area of research, examining the consequences of super-
strong nonlocality, and aiming at a simple characteriza-
tion of quantum correlations (see e.g. [20] and references
within).
In this paper, we apply another relativistic consider-
ation to the fundamental question of whether quantum
theory could be modified in some regime (either as a gen-
eralisation, or replacement in an as-yet-unencountered
limit). By noting that the number of clicks in a detector
should be agreed on by all observers regardless of their
frame of reference, we consider the implications of rela-
tivity of simultaneity, where two observers might disagree
about the order of events [21]. On interferometers with
two spatially separated arms, we show that this princi-
ple only allows local transformations and detector click
probabilities that are either identical or very close to the
predictions of quantum theory.
We consider the case where the interference pattern is
governed by a relational degree of freedom of the device
(e.g. difference in path lengths), such that coherent ac-
tions taken on one arm can always be undone by actions
on the other. In this case, we find that consistency with
relativity of simultaneity rules out any theory more com-
plicated than standard complex quantum theory. Thus,
the relativistic structure of spacetime itself enforces in
this setting that outcome probabilities of measurements
are described by the standard rules of quantum theory.
On the other hand, if we relax this strong relational
property, then we find that one additional theory is also
compatible with relativity of simultaneity: quaternionic
quantum theory.
Our results are particularly relevant for a class of
experiments that is currently being performed [22–28],
which test the validity of quantum mechanics in specific
interferometric setups. Furthermore, they give interest-
ing insights on the relation between quantum mechanics
and spacetime, which is the major object of study in
quantum gravity research [29].
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2Borrowing some machinery from the framework of gen-
eral probabilistic theories, we shall begin by introducing a
general description for two-level systems, including quan-
tum theory over arbitrary division algebras [30] (e.g. com-
plex numbers, quaternions) and classical bits as special
cases. We then explain how to describe an interferometry
setup using this framework. Next we explicitly introduce
relativistic considerations by examining how aspects of
this framework should transform under changes of refer-
ence frame. We then consider the restrictions that arise
when this is applied to the physical scenario of a two-
armed interferometer. Finally, under different physical
background assumptions, we analyse which theories are
consistent with relativity in this setup.
II. GENERAL TWO-LEVEL SYSTEMS
A classical two-level system (bit) is qualitatively dif-
ferent from a quantum one (qubit). In the classical case
knowing the probability that the system is in one of the
two mutually exclusive alternatives is sufficient to totally
predict every aspect of its behaviour, whereas in quan-
tum theory this is not the case. Quantum theory also
admits the coherent superposition of possibilities, allow-
ing for interference effects between actions taken on the
two possibilities, as opposed to classical theory that only
allows for probabilistic mixing.
The additional information in the qubit beyond the
classical two possibilities may be represented by statis-
tics associated with additional complementary measure-
ments: alternative measurements that could be made on
the qubit, whose outcomes cannot be simultaneously pre-
dicted (due to the uncertainty principle). In complex
quantum theory, one can find two further complementary
measurements in addition to the classical one. By taking
the simultaneously possible expectation values for these
three measurements, and representing them as a vector
in Euclidean space, one arrives at the three-dimensional
Bloch ball.
There has recently been a wave of research results
deriving the formalism of quantum theory from simple
physical postulates [11–16, 31, 32]. In most of these ap-
proaches, the first step is to prove that a two-level system
is described by a ball state space; simple assumptions on
the information-theoretic behaviour of a generalised bit
lead to a natural generalization of the three-dimensional
Bloch ball: the d-dimensional Bloch ball.
Let us now formalise a generalised setup for a system
consisting of d such complementary measurements. The
state ω of such a two-level system is an element of the d-
dimensional Euclidean unit ball Bd ≡ {x ∈ Rd | |x| ≤ 1}.
Two-outcome measurements are described by vectors
e ∈ Rd with |e| = 1; the probability of the first out-
come, if measured on state ω ∈ Bd, is (1 + e · ω)/2, and
that of the second outcome is (1 − e · ω)/2. Transfor-
mations which map states to states are given by d × d
orthogonal matrices R acting on ω. They are reversible
because by applying R−1 = RT , the effect of R can be
undone. In general, one has a compact group G ⊆ O(d)
that describes the set of all physically possible reversible
transformations on the states.
For d = 1, the unit ball becomes a line segment, and
we recover a classical bit. ω = +1 and ω′ = −1 are the
two distinct configurations of a classical spin, and the
values in between correspond to probabilistic mixtures.
The only non-trivial reversible transformation is the bit
flip R = −1, and thus taken together with the trivial
transformation 1, we see G = Z2.
If d = 3, we recover the two-level systems of stan-
dard complex quantum theory: Every complex 2 × 2
density matrix ρ is in one-to-one correspondence with
an element ωρ = (ω
1
ρ, ω
2
ρ, ω
3
ρ) of the Bloch ball B
3 via
ρ = (1 +
∑3
i=1 ω
i
ρσi)/2, where σi are the Pauli matri-
ces. In this representation, the unitary transformations
ρ 7→ UρU† with U ∈ SU(2) are rotations: ωρ 7→ RUωρ,
where RU is a suitable element of SO(3). The probability
of outcome +1 of a projective measurement with projec-
tor P = |ψ〉〈ψ| can be written tr(Pρ) = (1 + ωP · ωρ)/2,
where |ωP | = 1. In quantum theory, it is impossible
to implement the “universal NOT” map R = −1, even
though it is a symmetry of the Bloch ball (this corre-
sponds to the transposition of the density matrix, which
violates complete positivity). Thus, the compact group
describing the physically possible reversible transforma-
tions on a qubit is G = SO(3).
The case d = 2 corresponds to quantum theory of the
real numbers; d = 5 describes a quaternionic quantum
bit [33, 34], while d = 9 describes an octonionic two-
level system, which can be seen similarly as in the case
of complex quantum theory explained above. The ball
state spaces with arbitrary d ∈ N have long been known
in mathematical physics as examples of state spaces of
Jordan algebras [35], and they have appeared in various
places in quantum information theory [36–38]. All these
state spaces have N = 2 perfectly distinguishable states
and no more [11, 31], with every pair of antipodal points
on the sphere (surface of the ball) describing mutually
exclusive alternatives.
III. GENERALIZED INTERFEROMETRY
Consider the Mach-Zehnder interferometer (MZI) as
depicted in Figure 1. A particle (such as a photon) passes
through a beam-splitter, travels through the arms, and at
the end causes one of the two detectors to click. The click
probability depends on the local physical conditions (say,
presence of phase plates) in the two branches, with the
space-like separated events A and B labelling the mo-
ment of passage through the phase plate in question.
Each phase plate corresponds to some transformation
of the state, TA and TB respectively. How can we for-
mally describe this situation without assuming quantum
mechanics?
3FIG. 1: A Mach-Zehnder interferometer. Upper
diagram shows a Mach-Zehnder interferometer, in which a
single particle travelling from the bottom left passes through
a beam-splitter and enters into a superposition of the two
spatially disjoint paths. The probability that the particle is in
either of these paths is quantified by one parameter of the
state, ω1. At the furthest points in the paths (A and B), two
separate agents can choose to insert a phase plate, which
might alter the other parameters (ω2, . . . , ωd). The paths
recombine at the second beam-splitter and the final particle
position is measured by a click in a detector. Lower diagram
shows the state of the traversing particle represented on the
Bloch ball.
First, we can use states ω = (ω1, . . . , ωd) of a general
Bloch ball state space Bd to describe the location of a
single particle in the interferometer, as in Figure 1. We
can parametrise the state space such that one of the com-
ponents, say ω1, determines the probability p to find the
particle in the upper branch, as opposed to the lower
branch. According to the general formalism described
above, we must have p = (1 + ω1)/2. As in quantum
theory, there are in general many different states that
give the same value p. For example, when p = 1/2 there
can be incoherent mixtures of the two classically possible
paths (such as the center of the ball), coherent superpo-
sitions like states on the ball’s equator, or states at any
point in between.
Now consider two agents, say Alice and Bob (A and
B in Figure 1), who reside at the spatially separated
arms of the interferometer. If Alice performs an oper-
ation on the particle that is reversible and local to her
arm (such as inserting a phase plate), then this will be
described by some element TA of the group of physically
possible reversible transformations G ⊆ O(d). However,
since she acts locally, this transformation should not al-
ter the probability p of finding the particle in her branch
or the other; otherwise this would allow instantaneous
signalling from Alice to Bob. Thus, TA must preserve ω1
for all states. Hence TA ∈ O(d − 1) ∩ G, and the trans-
formation must be an element of the orthogonal group
associated with the ball of one dimension less, describing
all maps that preserve the ω1-axis.
In order to analyze the setup of Figure 1 in more detail,
we need to make some minimal assumptions about how
the state space of the particle is related to the physical
actions of the beam-splitter and the two agents. For what
follows, we will assume the following:
A1. By setting up the beam-splitter appropriately, one
can prepare a pure state with arbitrary “upper
branch” probability p = (1 + ω1)/2. (This is the
state that leaves the beam-splitter.)
A2. Every pure state on the Bloch ball Bd with the
same upper branch probability p can be prepared
by (some combination of) reversible operations ap-
plied locally by the agents on the two branches.
(This is the state that will enter the final mirror-
detectors system.)
In other words, the upper branch probability p is deter-
mined at the beam-splitter, and all the other complemen-
tary degrees of freedom are set by the local transforma-
tions in the arms. We assume that this exhausts the full
ball state space Bd.
Assumptions A1 and A2 preclude the possibility of fur-
ther, “hidden” degrees of freedom of the particle which
do not affect any of the measurement outcome probabil-
ities of the setup at all. Without these assumptions, it
would be possible, for example, that the “actual” state
space of the particle (even disregarding additional inter-
nal degrees of freedom like spin) is the (d+ 1)-ball Bd+1,
but we happen to see only a d-dimensional subspace in
our physical setup. Since our goal is to analyze the con-
straints that arise from the physics of the interferome-
ter alone, we are forced to restrict our consideration to
those degrees of freedom that are actually probed by the
interferometer. Hence, A1 and A2 supply a technical as-
sumption along the lines that the “effective state space”,
the one that is actually probed in this setup, is correctly
described by a Euclidean ball Bd.
We remark that ball state spaces are a special case in a
wider framework known as generalised probabilistic theo-
ries (GPTs) [11, 16, 39]. In language adopted from this
framework, because the set of ω1-preserving transforma-
tions preserve the statistics associated with the “which
path” measurement, this set is referred to as the phase
group of the “which path” measurement [40]. This defi-
nition arises as a natural generalization of the quantum
case, where the transformations preserving the statistics
of a measurement in a fixed basis {|ξj〉}j=1...N are the
unitaries of the form U(φ1, . . . φN ) =
∑N
j=1 e
iφj |ξj〉〈ξj |,
and the φj are the phases associated with the given trans-
formation.
Even if independent agents act locally on the different
branches of the interferometer, their interventions will in
4general affect some global property of the system (e.g.
the relative path length), and alter the output statistics
of the interferometer (i.e. its interference pattern). How-
ever, it remains to be determined if all of the elements in
the phase group can be applied by just one agent, or if
only a subgroup of these transformations will be available
to her.
An operational way to identify the subgroup of the
phase transformations associated with an agent acting
on a particular branch is to invoke a restriction known
as branch locality [41], which says that all states with
zero probability of being in a particular branch are left
invariant under transformations on that branch. Intu-
itively, if a particle has no probability whatsoever of trav-
elling down an agent’s branch, there should be no way of
telling from the output statistics which phase plate (if
any) that agent has inserted. As an example, consider a
three-armed interferometer in quantum theory: no trans-
formation applied to the first branch will ever change the
relative phase between the second and third branches.
For the spherical state spaces of a two-branch interfer-
ometer, branch locality does not introduce any further
restrictions: the only state that has zero probability to
be found in the upper branch is ω = (−1, 0, . . . , 0) ∈ Bd,
and this state is invariant under all transformations in
the phase group O(d − 1) ∩ G. The same argument
applies to the lower branch, hence every single opera-
tion in the phase group can be localised to either of the
two branches, whilst remaining consistent with branch
locality [41, 42].
In summary, we conclude that there are two groups1
GA and GB of state transformations that describe the
result of operations that Alice and Bob respectively can
perform locally in their interferometer arms. We have
GA,GB ⊆ O(d − 1) ∩ G, and if we denote the smallest
group that contains both GA and GB by GAB , then our
two assumptions tell us that GAB can map every pure
state on the (d − 1)-ball (representing pure states with
equal upper branch probability p) to every other one.
More technically, this can be formulated as follows:
A1,A2 ⇒ GAB is transitive on the
surface of the (d− 1)-ball.
While we have formalized our description of the two
interferometer arms in terms of a single two-level sys-
tem, one might alternatively try to set up a composite
state space AB, where A describes the first and B the
1 In this paper, we assume that all groups are topologically closed,
which implies that they are (as subgroups of the group of orthog-
onal matrices) Lie groups. This is physically motivated by the
fact that we regard a transformation as physically implementable
if and only if it can be implemented to arbitrary precision. Due
to unavoidable experimental imprecisions, there can be no fun-
damental difference between perfect and arbitrarily precise im-
plementation.
second arm (such that AB would be some kind of tensor
product of both). While the GPT framework allows this
in principle, there are several reasons for not doing this
here. First, it has been observed before that the usual
circuit model, formalizing operations on tensor product
spaces directly, is not always the most general or natural
model; for example, a physical description of wires in [43]
allows to implement transformations like the “switch”
which could otherwise not be implemented directly. This
is relevant for our setup, since we are interested in the
consequences of our “wires” (interferometer arms) being
embedded in relativistic spacetime.
Second, we are interested in only two exclusive alter-
natives (upper versus lower arm), and a product state
space would necessarily be “overcomplete” by containing
at least four perfectly distinguishable states. This would
have the additional disadvantage that it is currently not
clear what the most “natural” beyond-quantum four-
level state spaces look like, whereas any d-dimensional
Bloch ball is a natural generalization of the quantum bit.
Third, building a composite state space AB would have
to rely on auxiliary assumptions like tomographic locality
that we consider as unnecessary.
IV. REFERENCE FRAME INVARIANCE IN
THE GPT FRAMEWORK
Local actions of agents in the two interferometer arms
are classical space-like separated events. Thus, we will
analyse the interferometer within special relativity, and
consider the effect of a change of reference frame on the
general scenario.
The number of clicks in a detector should reflect an
objective element of reality. One could envision a setup
of a photon detector attached to a bomb, such that the
world is blown up if and only if the detector clicks; two
observers in different frames of reference should not dis-
agree over the fate of the world. By extension, if different
observers do not disagree on whether an event occurred
or not (they may still disagree over where, when and in
what order relative to other events), they must also agree
on the statistics associated with the occurrence of this
event. In our formalism, this means that the probabili-
ties (1+ωP ·ω)/2 for a positive outcome of measurement
ωP applied to state ω should be invariant under a change
of reference frame.
Suppose we have two observers, say Rachael and
Steven, who both observe the interference experiment,
but are moving at relativistic speed relative to each other,
as depicted in Figure 2. Then there will be a Lorentz
transformation Λ relating Rachael’s frame of reference to
Steven’s. A priori, the state ω′ that Steven sees might
be different from the state ω experienced by Rachael,
so long as they also describe measurements by different
vectors ω′P , ωP such that the outcome probabilities agree
(i.e. ωP · ω = ω′P · ω′). For this to be possible, there
would have to be a representation of the Lorentz group,
5FIG. 2: A Mach-Zehnder interferometer viewed by two observers. Two moving observers Rachael (R) and Steven (S)
witness the operation of an interferometer (described in Figure 1). The dashed grey lines show the simultaneous lines of
progress for a particle travelling down either branch. The left diagram shows this as judged by Rachael, the right by Steven.
Rachael therefore witnesses event A happening before event B; whereas Steven witnesses the opposite. If the transformations
induced at A and at B did not commute, the observers would disagree about the ultimate detector click statistics.
with reversible transformations TΛ ∈ G acting such that
ω′ = TΛω. However, since G ⊆ O(d), this would induce a
finite-dimensional unitary representation of the Lorentz
group, and it is well-known that the only representation
of this kind is the trivial representation [44]. Moreover,
the “which path” degree of freedom is not a geometric de-
gree of freedom2 relative to some Lorentz covariant prop-
erty, say, a particle’s momentum direction (like photon
polarization, for example), which is why also Wigner’s
little group does not apply. Thus TΛ = 1 for all Λ, and
the transformations done by Alice and Bob appear the
same in every reference frame.
V. CONSEQUENCES OF RELATIVITY OF
SIMULTANEITY
We now analyze in detail the idea [40] that relativ-
ity of simultaneity might impose further restrictions on
the probabilistic behaviour of spatially extended inter-
ferometers. While doing so, we follow the spirit of [45],
but take Peres’ argumentation beyond quantum theory.
As before, consider the situation in Figure 2, with two
agents: Alice who acts on the upper branch and Bob
who acts on the lower branch. As the branches are
space-like separated, the transformations applied by Al-
ice and Bob should not cause the particle to jump from
one branch to another, and so will belong to the phase
group Gφ := O(d − 1) ∩ G associated with the “which
2 One can imagine that the two material interferometer arms carry
classical labels (like “A” and “B”, or “passing Earth” versus
“passing Mars”). Then different observers will agree on whether
a particle is detected in arm A or arm B, and thus on the de-
scription of quantum states, regardless of their spacetime frames
of reference.
path” measurement. More generally, there will be a sub-
group of transformations that can be locally applied by
Alice, GA ⊆ Gφ, and a subgroup locally applicable by
Bob, GB ⊆ Gφ.
If there is at least one pair of transformations TA ∈ GA
and TB ∈ GB such that [TA, TB ] 6= 0, then the order in
which Alice and Bob choose to apply their transforma-
tions will have an observable effect on the output statis-
tics of the interferometer at least for some states. This
is particularly problematic for a space-like separation be-
tween Alice and Bob: Consider again the two observers
Rachael and Steven, moving at relativistic speed relative
to each other, as in Figure 2. Although Rachael and
Steven must agree what effect either action TA or TB
would have on the interferometer individually (from the
Lorentz invariance of transformations), Steven could in
general disagree with Rachael about the order in which
the two events occur [21].
In particular, let us say Rachael observes the applica-
tion of TA by Alice followed by TB by Bob; the com-
pound operation is then TBTA. When changing into
Steven’s reference frame, the compound operation should
be the same. However, Steven may observe instead that
TB happens before TA, describing the compound oper-
ation by TATB . This will lead to contradiction unless
TATB = TBTA in all cases; that is [TA, TB ] = 0 for all
TA ∈ GA and TB ∈ GB .
In summary, we can formalize an additional assump-
tion that will enter our analysis below:
REL. Relativity of simultaneity for the local operations
at A and B implies that [GA,GB ] = 0.
Note the subtle way that relativity impacts this inter-
ference setup: on the one hand, the “which path” infor-
mation is not a geometric degree of freedom that trans-
forms in any non-trivial way under the Lorentz group. In
other words, the two material interferometer arms break
manifest Lorentz symmetry by labelling the branches as
6“A” and “B”, and all observers see the same transforma-
tions TA and TB . On the other hand, the local choices or
applications of the transformations TA and TB are clas-
sical space-like separated events, which must not admit
a unique time-ordering. Thus, all these transformations
TA and TB must commute.
VI. WHICH THEORIES ARE CONSISTENT
WITH RELATIVITY?
We will now analyze which theories are consistent with
the assumptions above, in particular with relativity of
simultaneity. To this end, we have to make an additional
assumption on how Alice’s and Bob’s groups GA and GB
are related. Due to the symmetry of the setup, it is
physically reasonable to expect that GA and GB are in
some sense “the same”. We will formalize this in two
different ways and classify the resulting theories.
A. Strong assumption: GA = GB
Let us start with the following assumption (to be re-
laxed later):
A3*. The (groups of) transformations that Alice and
Bob can perform locally in their arms are exactly
identical: GA = GB .
A physical interpretation of this assumption is sketched
in Figure 3: if Alice applies some transformation TA ∈ GA
on her arm, then Bob can always “undo” it by performing
a suitable transformation TB ∈ GB ; since GA = GB and
groups are closed with respect to inversion, he can simply
apply TB = T
−1
A .
This behavior can be motivated by the intuition that
the local transformations should only change relational
degrees of freedom; that is, degrees of freedom that cor-
respond to some kind of “difference” of properties of the
arms that are “compared” at the final mirror-detector
system. This is the case, for example, in the case of an
ordinary optical interferometer: if TA is implemented by
inserting a waveplate into the interferometer arm, then
this will change the relative optical path length between
the arms. Therefore, it can be undone by simply insert-
ing an identical waveplate in the other arm.
Under this additional assumption, we obtain the fol-
lowing result.
Theorem 1. Under the assumptions A1, A2, A3*, rela-
tivity of simultaneity (REL) allows for the following pos-
sibilities and not more:
• d = 1 (the classical bit), with GA = GB = {1} (i.e.
without any nontrivial local transformations),
• d = 2 (the quantum bit over the real numbers), with
GA = GB = Z2,
• d = 3 (the standard quantum bit over the complex
numbers), with GA = GB = SO(2) = U(1).
Here, d is the dimension of the Bloch ball, and GA and GB
are the local transformations in the interferometer arms.
As we will see in the proof, relativity of simultaneity
is crucial for this result: without assuming REL, all di-
mensions d ∈ N and a large number of possible groups
GA = GB would be possible. Relativity of simultane-
ity enforces the which-path degree of freedom to be de-
scribed by the standard (complex) quantum bit (d = 3),
or a subspace of it (classical bit, or qubit over the reals).
Proof of Theorem 1. It is easy to check directly that the
cases d = 1 and d = 2 allow for the groups above and
no other ones. The more interesting case is d ≥ 3 when
the surface of Bd−1, i.e. the (d − 2)-sphere, is a contin-
uous manifold. In this case, not only GAB , but also its
connected component at the identity, which we denote
G0AB , must be transitive on the (d − 2)-sphere [46]. In
general, not only the orthogonal groups O(d − 1) and
SO(d− 1) are transitive on the (d− 2)-sphere Sd−2, but
also subgroups like SU((d − 1)/2) for odd d [46]. It is
possible to exhaustively list the compact connected Lie
groups [52, 53] that act transitively (and effectively3) on
Sd−2, and A1, A2 and A3* imply that GAB = GA = GB
must be one of them. However, in this infinite list of
groups, only one of them is Abelian, as dictated by REL:
this is U(1) = SO(2), acting on the surface of Bd−1 = B2
(the circle).
In several recent derivations of quantum theory from
simple postulates [46, 47], the condition that “GAB is
non-trivial and Abelian” appeared as a crucial math-
ematical property (though in different context and no-
tation) in the proofs which showed that the Bloch ball
must be three-dimensional. Here, we obtain an intriguing
physical interpretation of this mathematical fact, related
to special relativity. Furthermore, the derivation above
is much easier, and represents one of the simplest argu-
ments for why there are three degrees of freedom in a
quantum bit4.
Clearly, the assumption A3* (i.e. that GA = GB), as
sketched in Figure 3, is very strong. Let us now therefore
relax it.
3 This means that no two different group elements act in exactly
the same way on the sphere. This is a technical assumption
that is needed in the mathematical classification results that we
are using (otherwise one could always consider the product of a
transitive group with another arbitrary group that is supposed to
act trivially). In our context, this condition is obviously satisfied,
since we define the group by its action on the states.
4 For another very simple recent derivation of the three-
dimensionality of the Bloch ball, see [48, 49]. A complemen-
tary approach to relate the structures of the Bloch ball and of
spacetime can be found in [50].
7=
FIG. 3: Relational interference. The strong assumption A3* that GA = GB corresponds to a situation where every
transformation on Alice’s arm can be “undone” by a suitable transformation on Bob’s arm (and vice versa). This is the case
for the complex quantum bit, but not for the quaternionic quantum bit.
B. Weaker assumption: GA ' GB
If we look at the symmetry of the interferometric
setup, it is reasonable to expect that the physics is “the
same” for Alice and Bob: the set of “phase plates” (or
their beyond-quantum generalizations) available to Al-
ice should be in one-to-one correspondence to the set of
phase plates available to Bob. While this still allows that
these plates act differently on the delocalized particle, it
suggests the following assumption (superseding assump-
tion A3*):
A3. The transformations that Alice and Bob can per-
form locally in their arms are isomorphic as topo-
logical groups: GA ' GB .
Similarly as in the previous subsection, we can work out
the consequences of A3 and our previous assumptions.
We obtain the following generalization of Theorem 1:
Theorem 2. Under the assumptions A1, A2, A3, rela-
tivity of simultaneity (REL) allows for the following pos-
sibilities and not more:
• d = 1 (the classical bit), with GA = GB = {1} (i.e.
without any nontrivial local transformations),
• d = 2 (the quantum bit over the real numbers), with
GA = GB = Z2,
• d = 3 (the standard quantum bit over the complex
numbers), with GA = GB = SO(2) = U(1),
• d = 5 (the quaternionic quantum bit), with GAB =
SO(4), GA the left- and GB the right-isoclinic rota-
tions in SO(4) (or vice versa) which are both iso-
morphic to SU(2), and GA ∩ GB = {+1,−1}.
As in Theorem 1, d is the dimension of the Bloch ball,
GA and GB are the local transformations in the interfer-
ometer arms, and now GAB is the group generated by all
local transformations in GA and GB.
That is, a unique additional solution shows up: the
quaternionic quantum bit. This quaternionic case will
necessarily violate the experimental behavior sketched in
Figure 3: Except for the reflection map −1 (and the iden-
tity map 1 itself), no other of Alice’s local operations
can be undone by Bob. However, the ability to undo
just these two operations is sufficiently permissive to al-
low the d = 5 interferometer to implement the Deutsch-
Jozsa algorithm [51], suggesting that this additional case
is computationally interesting.
Proof of Theorem 2. If GA = GB then we are back in the
case that is treated in Theorem 1, leading to the first
three cases d = 1, 2, 3 listed above (and no other ones).
Let us therefore assume that GA 6= GB , which implies in
particular that GB contains more than just the identity
element. We may also assume that d ≥ 3, since we have
already enumerated all the cases with d = 1, 2. It is easy
to see that the commutant
G′A := {G ∈ GAB | GX = XG for all X ∈ GA}
is a normal subgroup of GAB . Consider first the case
G′A = GAB . Since GA ⊆ GAB , this implies that GA is
Abelian, and then A3 implies that GB is Abelian too. Due
to REL, it follows that arbitrary products of elements of
GA ∪GB can be ordered in arbitrary ways, which implies
that GAB must be Abelian too. But A1 and A2 imply
that GAB is transitive on the (d−2)-sphere, and then we
are back in the case discussed in the proof of Theorem 1:
only the case of the standard complex quantum bit, d =
3, is possible.
Now consider the second case G′A ( GAB , and let G0AB
be its connected component at the identity, which must
then also be transitive on the (d−2)-sphere due to A1 and
A2. We may also assume that G0AB is non-Abelian, since
otherwise we fall back into the previous case. REL im-
plies that GB ⊆ G′A, thus G′A is non-trivial. Suppose that
GB was a discrete group, then so would be GA, and since
GAB ⊆ {TATB | TA ∈ GA, TB ∈ GB} due to REL, this
would imply that GAB is discrete too, contradicting its
transitivity on the (d−2)-sphere (and hence contradicting
A1 and A2). Therefore GB is not discrete, hence G′A has
a non-trivial connected component at the identity, G′A,0.
It is easy to see that G′A,0 inherits normality from G′A.
That is, G′A,0 is a non-trivial connected proper normal
8subgroup of GAB , and thus of G0AB . In other words, G0AB
is not a simple Lie group, and it is also non-Abelian.
Looking again at the list of compact connected Lie
groups that act transitively and effectively on the
spheres, this leaves only the following possibilities for
G0AB : SO(4) for d = 5, and essentially5 Sp((d − 1)/4) ×
U(1) for d − 1 = 8, 12, 16 . . . as well as essentially
Sp((d − 1)/4) × SU(2) for d − 1 = 4, 8, 12, . . .. Since
the Lie algebras of SO(4) and Sp((d− 1)/2)× SU(2) are
semisimple, the decomposition of these Lie algebras into
ideals is unique, and thus the sets of normal connected
Lie subgroups of these groups can be read off directly
(in particular, the symplectic groups are simple [52]).
If G0AB = SO(4) then G′A,0 must be either the left- or
the right-isoclinic rotations in SO(4) since these are the
only non-trivial connected normal subgroups. Suppose
G′A,0 = SO(4)R, the right-isoclinic rotations (otherwise
relabel A ↔ B). Then G′A ⊇ SO(4)R, and so every
X ∈ GA must commute with every G ∈ SO(4)R. It is
easy to see that no reflection X ∈ O(4) with detX = −1
can have this property; among the rotations, only the
left-isoclinic rotations satisfy this. Thus GA ⊆ SO(4)L.
Since GA ' GB this implies that GB does not contain
any reflections either, and so GAB = G0AB = SO(4). Fur-
thermore, this implies that GB ⊆ G′A = G′0,A = SO(4)R.
However, if GA (or GB) were proper Lie subgroups of
SO(4)R (resp. SO(4)L) then they would be too small to
generate GAB . We have thus recovered the quaternionic
quantum bit, i.e. the d = 5 case above.
If G0AB is essentially Sp((d− 1)/4)× SU(2) then one of
G′A,0 or G′B,0 must correspond to SU(2), hence both GA
and GB must be a subgroup of SU(2). Since GA and GB
generate GAB , this is only possible if d = 5, in which case
we recover the quaternionic case again, since Sp(1) '
SU(2) and SU(2)× SU(2)/Z2 ' SO(4).
Finally, for the case that G0AB is essentially Sp((d −
1)/4) × U(1), it is not difficult to see that all ideals of
the corresponding Lie algebra are either trivial or one-
dimensional, so that no two non-trivial normal Lie sub-
groups are sufficient to generate all of GAB .
VII. IMPLICATIONS FOR INTERFERENCE
EXPERIMENTS
Recent experimental activity has aimed at testing
quantum mechanics against more general theories in in-
terference experiments [24, 25]. One proposal [26] is due
to Peres [22], in which an interferometric setup discrim-
inates between ordinary quantum theory and its quater-
nionic counterpart, or more generally, whether a quan-
tum two-level system has more than three complemen-
5 The term “essentially” refers to the fact that we have to divide
this group by a finite subgroup to obtain an effective group ac-
tion, see [52].
tary measurements. Our results provide further motiva-
tion to test for quaternionic quantum mechanics (d = 5).
Our analysis also provides some insights into the opera-
tional behavior of such conceivable quaternionic effects:
they would have to test fundamentally “non-relational”
but still non-localized degrees of freedom of a particle, as
sketched in Figure 3. Such quantities cannot correspond
to differences of scalar quantities like path lengths. Con-
ceptually, this resembles the insights obtained in a differ-
ent formalism [56], showing that composition of quater-
nionic quantum state spaces must violate tomographic
locality to have the “nice” properties that one would
physically expect.
There has been at least one recent experimental imple-
mentation which is in principle able to detect effects of
Bloch ball dimension d ≥ 6 [28, 54]. Our results suggest
that such conceivable exotic effects are even less likely to
be detected: the principle of relativity of simultaneity is
sufficient to rule them out. In this paper, we have only
started to explore the constraints that relativistic causal-
ity imposes on probabilistic theories, and it seems likely
that more constraints will be found when we go to inter-
ferometers with more than two arms, or look at further
consequences of Minkowski spacetime beyond relativity
of simultaneity. This may suggest to perform interference
experiments in such a way that they are not subject to
these constraints. For example, one might implement the
mutually exclusive alternatives (which are supposed to
interfere) as energy levels or orthogonal spin directions,
instead of spacelike separated slits.
Suppose we keep the assumption GA = GB which ex-
presses the relational character of the phase transfor-
mations (which is violated by the quaternionic qubit),
but drop assumptions A1 and A2 so that we are not
restricted to Bloch ball state spaces. Relativity of simul-
taneity still enforces that this group is Abelian. Then
elementary group theory [55] shows that GA = GB must
be of the form SO(2) ⊕ SO(2) ⊕ . . . ⊕ SO(2), with some
of the n addends possibly replaced by a finite subgroup.
For example, quaternionic quantum bits (d = 5) have an
Abelian subgroup of phase dynamics isomorphic to the
torus SO(2)⊕SO(2). Local transformations in the inter-
ferometer arms will then be described by n independent
complex phases, such that the interferometer is opera-
tionally similar to n independent complex quantum in-
terferometers (with the added restriction that only one of
the quantum interferometers can be measured per run of
the experiment) [42]. This suggests that the experimen-
tal detection of possible deviations will be very difficult.
VIII. SUMMARY AND OUTLOOK
In this paper, we have considered how relativity con-
strains observable interference phenomena, without as-
suming that the probabilities of detector clicks are neces-
sarily described by quantum mechanics. We have shown
that relativity of simultaneity on two-armed interferom-
9eters enforces a behaviour that is very close to that of
standard complex quantum theory. If the two arms
correspond to mutually exclusive alternatives of a d-
dimensional ball state space, then there are essentially
two possibilities: either the the state space is given by the
standard complex quantum bit (d = 3) and its subspaces,
or by the quaternionic qubit (d = 5). These two cases
behave very differently: the nonlocal degrees of freedom
of the quaternionic qubit cannot be interpreted as purely
relational, in contrast to the standard qubit.
Two questions arise: (i) given the findings above,
what consequences can we draw for implementations of
experiments like those that test for higher-order inter-
ference [24–28] in Sorkin’s sense [57]? While we have
been able to draw some conclusions for experiments like
Peres’ [22], addressing these other types of experiments
demands to extend our analysis beyond two interferom-
eter arms. (ii) How far can one push this type of reason-
ing: is quantum theory the only theory consistent with
relativistic causality? Equivalently: is the quantum path
integral rule for summing up complex phases a direct
consequence of the structure of spacetime? Our results
suggest this may well be the case.
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